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Abstract. We investigate the cosmological dynamics of the recently proposed extended
chameleon models at both background and linear perturbation levels. Dynamical systems
techniques are employed to fully characterize the evolution of the universe at the largest
distances, while structure formation is analysed at sub-horizon scales within the quasi-static
approximation. The late time dynamical transition from dark matter to dark energy domi-
nation can be well described by almost all extended chameleon models considered, with no
deviations from ΛCDM results at both background and perturbation levels. The results ob-
tained in this work confirm the cosmological viability of extended chameleons as alternative
dark energy models.
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1 Introduction
Scalar field theories are among the most promising alternative explanations of the late time
acceleration of the universe, and in fact they account for several popular models of dark
energy (see e.g. [1] for a review). Although the more familiar cosmological constant scenario
is well in agreement with all current observations [2, 3], it suffers from different theoretical
problems [4–6], which can be (partially) solved, or at least avoided, introducing new scalar
degrees of freedom. Furthermore from a dynamical perspective, cosmological models with
scalar fields offer a wider set of solutions not only for the background evolution of the universe,
but also for the growth of structures at the perturbation level. Not to mention that they are
also easier to handle than other dark energy models where higher spin fields appear.
The hypothetical presence of a scalar field at cosmological scales would however give
rise to a fifth force between known particles of the Standard Models even at small distances
[7]. These new interactions would lead to deviations from the geodesic motion of test masses,
which in principle can be detected either by laboratory experiments or by Solar System
– 1 –
observations [8]. In order to cope with this problem, scalar field theories where this fifth force
is weak, and thus undetectable at small scales, but becomes relevant at large, i.e. cosmological,
distances have been proposed. The prototype class of these models is represented by the so-
called chameleon theories [9, 10], whose scalar field is influenced by an effective potential
depending on the surrounding matter. When the environmental matter density is high, such
as on the Earth or within the Solar System, the form of the effective potential provides a short
range fifth force, while at cosmological scales, where the matter energy density is extremely
low, the scalar field mediates a long range force, capable of driving the acceleration of the
universe. Chameleon theories are however not the only ones able to efficiently hiding the
scalar field at small scales, but other models, relying on different screening mechanisms, can
do the trick: for example the Vainshtein [11], symmetron [12, 13] and K-mouflage [14, 15]
scenarios.
In a recent work [16] a completely new ballpark for screening a scalar field at small
scales has been proposed. This new paradigm naturally generalises the standard chameleon
theories, and thus all models encompassed within this class have collectively been named
extended chameleons (ECs). The characteristic feature of ECs resides in the complete freedom
of choosing the dependence on the matter environment of the mass and minimum of the scalar
field effective potential. Thus, unlike in standard chameleon and symmetron theories, where
the mass and minimum are related through the full non linear form of the effective potential,
with ECs one has the freedom to vary these two quantities with no restriction, enlarging the
possible theoretical space in which screening models can be created. This has been achieved
employing the original framework of Scalar-Fluid theories [17–19], where a scalar field is
allowed to interact with the matter sector, effectively described as a relativistic fluid, in full
generality. Although Scalar-Fluid theories have originally been used to build new models of
interacting dark energy, which actually belong to a wider class of phenomenological models
[20], they can be adapted to any context where a scalar field is coupled to matter: not only
screening mechanisms such as the ECs, but also inflationary reheating for example. The
potentialities of Scalar-Fluid theories are far from being completely understood, and further
work on the subject will be required.
To come back to ECs, in [16] it has been shown that all these models can be restricted
by Solar System observations, though, contrary to standard chameleons, a large part of
the parameter space remains still viable. Moreover several EC models present interesting
applications at galactic scales, both outside and inside the virial radius, where interesting
signatures in the galaxy rotation curves arise and can in principle be compared against
observational data. This in particular happens for a model whose effective mass remains
constant as the matter energy density changes. In this case the only quantity that varies
with the environment is the minimum of the effective potential, whose non constancy has
been found to be essential for the successful appearance of non negligible effects at small and
microscopic scales [16].
Although the features of EC models have been extensively investigated at both Solar
System and galactic scales in [16], the implications at cosmological scales have only been
briefly mentioned. The scope of this paper is thus to study the dynamics of ECs at the
background cosmological level, and to analyse the effects on structure formation using linear
perturbation theory. After a brief introduction to Scalar-Fluid theories and ECs (Sec. 2),
dynamical systems techniques are employed to characterise the complete background cos-
mological evolution provided by some specific EC models (Sec. 3). Then the equations of
cosmological perturbations at first order are presented and the implications on sub-horizon
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structure formation, within the quasi-static approximation, are investigated (Sec. 4). A dis-
cussion summarising all the main results is provided at the end (Sec. 5).
Notation: In this paper the metric signature is taken to be (−,+,+,+), the speed of
light will be set to one c = 1, and κ2 = 8piG.
2 Scalar-Fluid theories and extended chameleons
In this section we will briefly introduce Scalar-Fluid theories, focusing on the details of the
theory that will be necessary for this work. We then introduce Extended Chameleon theories
within this framework.
2.1 Scalar-Fluid theories
Scalar-Fluid theories were first introduced in [17, 18], as new models of dark energy interacting
with the matter sector. The general action for this class of theories is given by the sum of
the following Lagrangian densities
S =
∫
d4x (Lgrav + Lfluid + Lφ + Lint) . (2.1)
The gravitational sector Lgrav is given by the standard Einstein-Hilbert Lagrangian
Lgrav =
√−g
2κ2
R , (2.2)
where R is the Ricci scalar of the metric gµν , and g is the metric’s determinant. The fluid
Lagrangian Lfluid is based on the relativistic fluid Lagrangian description described in [21],
and is given by
Lfluid = −
√−g ρ(n, s) + Jµ (ϕ,µ + sθ,µ + βAαA,µ) . (2.3)
Here ρ is the energy density of the the fluid, which in general depends on both the particle
number density n and the entropy density s. θ, ϕ and βA are all Lagrange multipliers of the
Lagrangian, where A takes values 1, 2, 3, and αA are the Lagrangian coordinates of the fluid.
The vector density particle number Jµ is related to the particle number density n as
Jµ =
√−g n uµ , |J | =√−gµνJµJν , n = |J |√−g , (2.4)
where uµ is the fluid 4-velocity satisfying the normalisation constraint uµu
µ = −1.
The scalar field Lagrangian Lφ is taken to be of the canonical type
Lφ = −
√−g
[
1
2
∂µφ∂
µφ+ V (φ)
]
, (2.5)
where V is a general potential of the scalar field φ. Finally this leaves us to determine the
interacting Lagrangian Lint. In this work we are interested in algebraic couplings between the
fluid and the scalar field, of the type studied in [17], as opposed to the derivative couplings
considered in [18]. This means we take the interacting Lagrangian to be of the general form
Lint = −
√−g f(n, s, φ) , (2.6)
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with f a general function of its arguments. The specific form of f determines the particular
Scalar-Fluid model at hand. In what follows we will assume that f is independent of the
entropy density, so that the coupling is adiabatic.
Now let us write down the field equations for this action. Varying (2.1) with respect to
the metric yields the following Einstein field equations
Gµν = κ
2
(
Tµν + T
(φ)
µν + T
(int)
µν
)
. (2.7)
The three different energy momentum tensors are defined to be
Tµν = p gµν + (ρ+ p)UµUν , (2.8)
T (φ)µν = ∂µφ∂νφ− gµν
[
1
2
∂µφ∂
µφ+ V (φ)
]
, (2.9)
T (int)µν = pint gµν + (pint + ρint)UµUν . (2.10)
In the above the pressure p of the fluid is defined as
p = n
∂ρ
∂n
− ρ , (2.11)
whereas the interacting pressure and energy density are defined to be
ρint = f(n, φ) and pint = n
∂f(n, φ)
∂n
− f(n, φ) . (2.12)
For the purposes of this work, we will be interested only in coupling functions f which
depend on n only through the energy density. Hence the coupling function takes the particular
functional form f(n, s, φ) = f(ρ, φ). In such a case the interacting pressure can be written as
pint = (ρ+ p)
∂f
∂ρ
− f, (2.13)
where the relation (obtained from Eq. (2.11))
ρ+ p
n
=
∂ρ
∂n
, (2.14)
has been used.
Finally, varying the action with respect to the scalar field gives the Klein-Gordon equa-
tion, which reads
φ− ∂V
∂φ
− ∂f
∂φ
= 0 , (2.15)
where  = ∇µ∇µ, and ∇µ is the covariant derivative of the metric gµν . This means that the
scalar field feels an effective potential Veff of the form
Veff = V (φ) + f(ρ, φ), (2.16)
which depends on both the scalar field and the local energy density.
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2.2 Extended Chameleons
Now that we have briefly reviewed the elements of Scalar-Fluid theories, we are ready to
introduce the subclass of ECs. These models are characterised by an effective potential given
by
Veff(ρ, φ) = f(ρ, φ) =
1
2
m2(ρ) [φ− φ0(ρ)]2 , (2.17)
where m2(ρ) and φ0(ρ) are functions of ρ, and the scalar field self-interacting potential has
been set to zero. This represents an effective square potential for the scalar field where
both the mass and the vacuum expectation value (the minimum) vary with ρ. It also well
approximates any non-linear Veff for values of φ around the minimum φ0, as long as suitable
functions m2(ρ) and φ0(ρ) are considered. This is in fact the case of standard chameleons,
whose non-linear effective potential V chameff = M
4+αc/φα + ρ exp(βcφ) is well approximated
by (2.17) with power-law functions for m2(ρ) and φ0(ρ) with parameters depending on the
constants M , αc and βc. As a matter of fact, the actual EC class has been designed to
generalise the standard chameleons results by taking arbitrary power-law functions for m2(ρ)
and φ0(ρ); see [16].
In what follows we will thus reduce our analysis to general polynomial ansatz for m2
and φ0:
m2(ρ) = Aρα and φ0(ρ) = Bρ
β , (2.18)
where A, B are constants of suitable dimensions and α, β are dimensionless parameters.
In order to have a positive mass and avoid instabilities, we assume A > 0 leaving negative
effective potentials aside. The effects on Solar System and galactic distances of ECs, as
defined by Eq. (2.18), have been intensively studied in [16], where it has been shown that
interesting signatures can arise in the galaxy rotation curves while passing all local and large
scale observations. Their cosmological dynamics though have only been briefly mentioned
in [16], and only for one particular model. In the next sections we will thus further inves-
tigate, employing dynamical systems techniques, the complete dynamics of these models at
cosmological distances.
In what follows we will focus on models where α and β are given by integer or half-
integer numbers. To shorten the notation we will denote the particular EC model with a
given α and β by (α, β)-EC. For example, the specific EC model with α = 0 and β = 1/2
will be called (0, 12)-EC.
3 Dynamical systems analysis
3.1 Background Cosmology
In this section we will analyse the background cosmological dynamics of these extended
chameleon models using dynamical systems techniques. To analyse this background cosmol-
ogy, we choose to work in a homogeneous and isotropic Friedmann-Robertson-Walker (FRW)
line element, as is required by the cosmological principle. The metric thus takes the following
form
ds2 = −dt2 + a(t)2
[
dr2
1−Kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
, (3.1)
where a(t) is the cosmological scale factor and the constant K = −1, 0, 1 depending on
whether the universe is spatially open, flat or closed respectively. For the purposes of our
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cosmological analysis we will make the assumption that the universe is spatially flat, as
observations dictate, so we set K = 0 from now on. We will also impose that all dynamical
quantities are homogeneous, that is they depend only on the time coordinate t. In particular
this means that φ and ρ will be functions of t only. Working in comoving coordinates, the
perfect fluid 4-velocity reduces to simply uµ = (−1, 0, 0, 0).
Inserting the FRW metric ansatz into the Einstein field equations (2.7) and the Klein
Gordon equation (2.15) yields three independent evolution equations: the two Friedmann
equations given by
3H2 = κ2
(
ρ+
1
2
φ˙2 + V + f(ρ, φ)
)
, (3.2)
2H˙ + 3H2 = −κ2
(
p+
1
2
φ˙2 − V + pint
)
, (3.3)
where H = a˙/a is the Hubble rate, and the scalar field evolution equation
φ¨+ 3Hφ˙+
∂V
∂φ
+
∂f
∂φ
= 0 . (3.4)
In the particular models studied in this paper, with f(ρ, φ) given by the functional form (2.17),
the interacting pressure pint (2.13) is given by
pint =
1
2
Aρα−1
(
Bρβ − φ
) [
Bρβ((α+ 2β)(p + ρ)− ρ) + φ(ρ− α(p + ρ))
]
. (3.5)
As derived in [17], the equation of motion for matter is not modified by the presence of
the interacting fluid at large cosmological scales
ρ˙+ 3H (ρ+ p) = 0 . (3.6)
In the remainder of this work we will assume a linear equation of state (EoS), p = wρ with w
a constant, called the matter EoS parameter, which is physically constrained to be between 0
and 1/3, with w = 0 corresponding to (dark) matter and w = 1/3 corresponding to radiation.
Inserting this into (3.6) and solving, it is found
ρ ∝ a−3(1+w) , (3.7)
and so the matter energy density decays independently as to whether we are working in an
interacting universe or a non interacting universe.
Looking at the right hand side of the Friedmann equations, we can define an effective
energy density and pressure as follows
ρeff = ρ+
1
2
φ˙2 + V + f(ρ, φ) , (3.8)
peff = p+
1
2
φ˙2 − V + pint. (3.9)
This then naturally leads to defining the effective EoS weff , which is provided by the following
ratio
weff =
peff
ρeff
=
p+ 12 φ˙
2 − V + pint
ρ+ 12 φ˙
2 + V + f
. (3.10)
The scale factor will then describe an accelerated expansion if the condition weff < −1/3
holds.
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3.2 Dynamical systems for extended chameleons
In this subsection we will introduce the dynamical systems techniques used to analyse the
background dynamics of the above cosmological models. We first introduce the concept
of a three dimensional dynamical system, which is the main interest of this piece of work,
although the definitions here readily generalise to two dimensions or higher dimensions. A
three dimensional dynamical system, which is an autonomous system of differential equations,
is in general given by the three equations
x′ = f1(x, y, z), y′ = f2(x, y, z), z′ = f3(x, y, z) , (3.11)
where the fi are arbitrary functions of the variables x, y and z, yet are independent of the
time parameter. The prime denotes differentiation with respect to this time parameter.
A fixed point or critical point of such a dynamical system is any solution (x, y, z) =
(x∗, y∗, z∗) such that fi(x∗, y∗, z∗) = 0 for all i = 1, 2, 3. Such a system is at rest as all time
derivatives are zero, and the system can remain at this critical point potentially indefinitely.
To determine the behaviour of the system near a fixed point, one must assess the stability of
the fixed points. For the purposes of this work, we will use only a linear stability analysis of
the critical points. To do this one must analyse the Jacobian matrix of partial derivatives
Jij = ∂fi(x, y, z)
∂xj
, i, j = 1, 2, 3, where xj = (x, y, z) (3.12)
evaluated at each of the critical points. If all of the eigenvalues of this Jacobian matrix
are non-zero, then the point is said to be hyperbolic and one can perform a linear stability
analysis. If the point is non-hyperbolic linear stability analysis breaks down and one must
perform a more detailed analysis, see for example [22–24]. For linear stability analysis, the
stability of each of these points is determined by the signs of the eigenvalues of this matrix.
The point is stable if all three of the Jacobian matrix’s eigenvalues have a negative real part.
If all three of the eigenvalues have positive real part the point is unstable, whereas if there
are both positive and negative eigenvalues the point is said to be a saddle point.
To simplify the analysis, we will begin by working with a vanishing scalar field potential,
so only the effective potential for the scalar field remains (a constant scalar field potential,
i.e. a cosmological constant, will be considered in Sec. 3.5). Assuming this, the flat FRW
background cosmology of these models can be analysed by introducing the dimensionless
variables
σ2 =
κ2ρ
3H2
, x2 =
κ2φ˙2
6H2
, y2 =
κ2f
3H2
. (3.13)
These straightforwardly generalise the standard dimensionless variables used to analyse
quintessence models [1, 25]. They reduce the Friedmann constraint (3.2) to simply
1 = σ2 + x2 + y2 , (3.14)
and so one can choose to dynamically analyse only the variables x and y, since one can
algebraically relate σ to x and y.
Using the background cosmological equations (3.3) and (2.15), the dynamical system
obtained from these variables is
x′ = −λ
(
H
H0
)α−1
yσα − 3
2
γ
(
H
H0
)α+2β−1
xyσα+2β
+
3
2
x(−1 + x2 + (−1 + α+ wα)y2 + wσ2) , (3.15)
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y′ = λ
(
H
H0
)α−1
xσα − 3
2
γ
(
H
H0
)α+2β−1
σα+2β(−1 + y2)
+
3
2
y((1− α(1 + w))(1 − y2) + x2 + wσ2) , (3.16)
where a prime denote differentiation with respect to η, which is introduced such that dη =
Hdt. The constants γ and λ are two dimensionless quantities which have been defined as
γ =
√
2ABβ(1 + w)
(√
3H0
κ
)2α+β−1
and λ =
√
A
(√
3
κ
)α
Hα−10 . (3.17)
The dynamical system above can be reduced to a two dimensional system only in the case
when the explicit dependence on H in the above dynamical system vanishes: this happens
if and only if both α = 1 and β = 0. In all the other cases we need to introduce an extra
variable in order to close the system, and so the system will generically be three dimensional.
To do this, we introduce the compact variable
z =
H0
H0 +H
, (3.18)
where H0 is a constant which can be chosen to coincide with the current Hubble rate. This
definition ensures that z lies in the range 0 ≤ z ≤ 1.
With this additional variable, the dynamical system becomes
x′ = −λy
(
1− z
z
)α−1
σα
+
3
2
x
[
γy
(
1− z
z
)α+2β−1
σα+2β + x2 − 1 + (α(w + 1)− 1)y2 + wσ2
]
(3.19)
y′ = λ
(
1− z
z
)α−1
xσα − 3
2
γ
(
1− z
z
)α+2β−1
σα+2β(−1 + y2)
+
3
2
y
[
(1− α(1 + w))(1 − y2) + x2 + wσ2] , (3.20)
z′ =
3
2
[
−γy(1− z)α+2βz2−α−2βσα+2β + (1− z)z (1 + x2 + (α(w + 1)− 1)y2 + wσ2)] .
(3.21)
We note that this system is invariant under the simultaneous transformation
y → −y, λ→ −λ, γ → −γ. (3.22)
This means we can restrict the analysis to just looking at positive values of one of these
variables, since if we want to analyse dynamics for the negative value we can simply reflect
the system in a suitable hyperplane. However, looking at the definition of λ, we see that it is
required to be positive, and thus we will only consider positive values of this constant. This,
along with the Friedmann constraint implies that the phase space of the system is simply a
cylinder with a unit circle base and unit height.
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Point x y weff
A± ±1 0 1
B 0 ±1 0
C± −3γ2λ
√
−9γ2+4λ2±
√
81γ4−36γ2(2λ2+9)+16λ4
2
√
2λ
0
Table 1. Critical points of the two dimensional (1, 0)-EC model along with the value of the effective
EoS at each point.
We find that the effective EoS (3.10) is given in terms of these new dimensionless
variables as
weff = x
2 + (α(w + 1)− 1) y2 + wσ2 − γyσα+2β
(
1− z
z
)α+2β−1
. (3.23)
We note that depending on the values of the parameters α and β, the effective EoS is
potentially divergent on either the z = 1 plane or the z = 0 plane.
Now for generic values of α and β the system is practically impossible to analyse as the
behaviour of the dynamical system changes extensively depending on their values. And so
to proceed we will choose some simple physically interesting values for α and β that lead to
a dynamical system which is possible to analyse.
3.3 Two dimensional model: (1, 0)-EC
Let us first analyse the case when the dynamical system reduces to two dimensions, namely
the model (1, 0)-EC. In this case α = 1 and β = 0, and so the vacuum expectation value
of the scalar field is independent of ρ but the mass of the scalar field depends linearly on
the energy density. In [16] it has been shown that at small scales only a negligible, for all
practical purposes, fifth force is predicted when β = 0, meaning that all observations and
experiments within the Solar System are automatically satisfied for this model. For (1, 0)-
EC, the Friedmann constraint implies that the phase space of the system is simply the unit
circle. In order to simplify the analysis, we will impose that the matter EoS is given by the
(dark) matter EoS w = 0.
The critical points of the system are displayed in Tab. 1, along with their existence
conditions and the value of the effective EoS at that point. There are potentially six critical
points of the system. The four points A± and B± exist for all values of the parameters λ
and γ. On the other hand the points C± appear only for certain choices of the parameters
λ and γ, however the conditional analytical expressions for their existence are lengthy so we
omit them here.
The stability behaviour of the critical points are displayed in Table 2. The six potential
points are:
• Points A±. These two points are dominated by the kinetic energy of the scalar field,
with the effective EoS that of a stiff fluid weff = 1. No acceleration is present at
these point. The points are either unstable or saddle points depending on whether the
magnitude of 3γ − 2λ is less than 3√2 for A− or whether 3γ + 2λ is less than 3
√
2 for
– 9 –
Point Stability
A− Unstable node: −3
√
2 < 3γ − 2λ < 3√2
Saddle node: otherwise
A+ Unstable node: −3
√
2 < 3γ + 2λ < 3
√
2
Saddle node: otherwise
B− Saddle node
B+ Saddle node
C− γ . 5λ
C+ Saddle node
Table 2. Stability of the critical points of the two dimensional (1,0)-EC model.
A+. Such points are unphysical, yet frequently appear as the early time attractors in
quintessence type models; cf. [25] for example.
• Points B±. These two points exist for all values of λ and γ and are dominated by the
effective potential energy of the scalar field. The solutions have effective equations of
state weff = 0, mirroring the matter EoS, and thus these solutions represent scaling
solutions. The eigenvalues of the Jacobian stability matrix indicate that these points
are saddle points for all values of the parameters λ and γ.
• Points C±. These points only exist for certain values of λ and γ, although the analytic
expressions for their existence and stability regions are too lengthy to display here.
Numerically plotting these regions, we can observe that the point C− exists if approxi-
mately the relation −γ . 2λ . γ holds, and it is stable if the further condition γ . 5λ
approximately holds. On the other hand the point C+ is always a saddle. These points
also have an effective EoS weff = 0 and so these points are also scaling solutions.
In Fig. 1 example stream plots for two different choices of the parameter values of λ
and γ are displayed. In the left panel the choice γ = 1 and λ = 3 is made. In this case
the critical point C− exists. Trajectories begin at the unstable stiff matter point A− before
being attracted towards the three saddle points B−, A+ and B+. Many trajectories then
pass through a transitory accelerating phase, indicated by the shaded region, before spiralling
towards the late time scaling solution attractor C−.
In the right panel the parameter choice λ = 1 and γ = 1 is made. In this case neither of
the critical points C± exist, and we just have the four pointsA± andB± lying on the boundary
of the phase space. Trajectories begin at either of the unstable nodes A+ or A−. They are
then drawn towards the scaling solution at point B−, with then some trajectories undergoing
a transient accelerating period, before all trajectories end at the late time attracting solution
B+.
– 10 –
Figure 1. Phase space of the two dimensional (1,0)-EC model. The left panel shows trajectories of
the dynamical system when the parameters take the values λ = 3, γ = 1. The right hand panel shows
the system when λ = 1 and γ = 1. The shaded region indicates the region in which the universe is
accelerating, with the effective EoS weff < −1/3, and thus many trajectories exhibit transient periods
of acceleration.
An important observation is that there is no critical point which represents a matter
dominated epoch, corresponding to σ = 1, located at the origin (x, y) = (0, 0) of the two
dimensional system. However, all of the points B± and C± are scaling solutions and mimic
the matter dominated EoS. We note that none of the critical points has an accelerating
effective EoS, determined by the condition weff < −1/3, and so a late time acceleration
attractor solution is not possible. Thus the cosmology of this model can viably describe our
universe if only very fine tuned initial conditions are imposed. In fact, there are regions
in phase space in which acceleration can occur, but these periods of accelerations will be
transitory. This means that setting the right initial conditions it might happen that a point
in this accelerated region well describes the current observed state of the universe, thought,
contrary to what predicted by ΛCDM, the expansion is doomed to decelerate again in the
future. Although this might constitute a viable description of our universe, at least at the
background level, it also introduces a fine tuning problem much worse that the one arising
in ΛCDM.
3.4 Three dimensional dynamical systems
For the remaining values of the parameters α and β, the system will be three dimensional
and the variable z, defined in Eq. (3.18), will be required for the analysis. In this subsection
we will analyse mathematically the dynamical system for various different combinations of
choices for α and β and look for physically interesting cosmology.
3.4.1 Positive α and β
We will first analyse the dynamics of the system for positive values of the constants α and β.
In the range of values considered, taking into account only integer values α = 0, 1 and half
integer values for β = 0, 1/2, 1, 2, we find that the system is not particularly interesting from
a cosmological point of view. None of the values considered have stable critical points which
have an accelerating effective EoS, implying that only a scenario similar to the one discussed
in the two dimensional system case above can be obtained.
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Point x y z Existence weff
A± ±1 0 0 ∀λ, γ 1
B± 0 ±1 0 ∀λ, γ α− 1
C± ±1 0 1 ∀λ, γ 1
D± 0 ±1 1 ∀λ, γ α− 1
E 0 0 1 ∀λ, γ 0
F 0 − γ√
1+γ2
0 ∀λ, γ −2γ/(2γ2 + 1)
C1 x
√
1− x2 0 ∀λ, γ Undetermined
α β Critical points present
0 12 A±, B±, E, F
0 1 E, C1
0 2 E, C1
1 12 C±, D±, E, C1
1 1 C±, D±, E, C1
Table 3. The left table displays the possible critical points present for the three dimensional systems
which have been analysed, along with their existence conditions. The right table displays different
choices of the parameters α and β, and the critical points present in the system for each particular
choice.
In Table 3, the potential critical points of the three dimensional systems analysed are
displayed, along with which values of parameters α and β they exist for. The entry C1 in the
table is not a critical point, it is in fact a critical curve (i.e. every point on the curve is in
fact a critical point) which lies on the boundary of the z = 0 plane. In order to analyse the
dynamical system, we will need to be careful with singularities, since the right hand side of
the dynamical system (3.19)-(3.21) is potentially divergent on the z = 1 plane, depending on
the values of α and β. To regularise the dynamical system, one must multiply the right hand
side of the system by an appropriate power of z, this simply amounts to a re-parametrisation
of the time coordinates.
As none of the models analysed are particularly interesting from a cosmological perspec-
tive we will not analyse these models in detail. However some do exhibit some interesting
mathematical behaviour and below we briefly discuss the dynamics of each of these systems
outlined in Table 3.
• α = 0, β = 1/2. This case corresponds to the physical situation where the mass of
the scalar field is constant, but the minimum of the scalar field varies proportional
to the square root of the energy density. The model has six critical points, A±, B±,
E and F . This case is possibly the most phenomenologically interesting among the
cases analysed here, since one of the critical points, F , is a cosmologically accelerating
solution for particular values of γ, with weff = −2γ2/(γ2 + 1). However if we look at
the eigenvalues of the Jacobian matrix, this point is always found to be a saddle, and
thus cannot be the late time attractor solution. Plotting numerically the dynamics on
the phase space, it appears as if all trajectories are drawn towards the z = 1 plane.
However, looking at the re-parametrised dynamical system on this plane, it reduces to
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simply the system
x′ = −λy (3.24)
y′ = λx. (3.25)
This is a very simple dynamical system, whose trajectories in phase space are simply
circles of constant radius. In this case the critical point E has two purely imaginary
eigenvalues, and the point is said to be a centre. This means that once the trajectories
reach this plane they start circling, with the effective EoS simply oscillating forever. The
points B± is also an accelerating de Sitter type solution, however two of the eigenvalues
of its Jacobian matrix are always negative, and hence the point is a saddle.
• α = 0, β = 1. Similar to (0, 12)-EC, this model has a constant scalar field mass, but
this time the minimum of the scalar field varies linearly with the local energy density.
In this case the system has one critical point E on the origin of the z = 1 plane, and
one critical curve: σ = 0 lying on the boundary of the z = 0 plane. Again though,
the system always ends up on the z = 1 plane where the dynamics are given by the
restricted system (3.24)-(3.25) which has circular orbits, with the effective EoS weff
oscillating forever.
• α = 0, β = 2. In this case the scalar field minimum depends on the square of the
energy density. This model is phenomenologically identical to the α = 0, β = 1 case,
with one critical point E and the critical curve C1. Trajectories are again drawn to the
z = 1 plane with circular orbits.
• α = 1, β = 1/2. This EC model corresponds to the case when the mass of the scalar
field varies linearly with the energy density and its minimum varies proportional to the
square root of the energy density. This choice of parameters has the five critical points
C±, D± and E, along with the critical curve C1. Numerically examining the solutions
of the dynamical system, it is seen that the trajectories begin on the critical z = 0
boundary, the curve C1. They then are drawn towards the saddle points C± and D±
before arriving at the late time matter dominated attractor E. No accelerated critical
points are present in this model.
• α = 1, β = 1. The case α = β = 1 corresponds to the interesting physical situation
where both the mass and the vacuum expectation value of the scalar field vary linearly
with ρ. Similar to the (1,1/2)-EC, the system has the five critical points C±, D± and E,
and the critical curve C1. The points D± are scaling solutions, that is their effective EoS
mirrors that of a matter dominated universe. Examining numerically the behaviour of
the trajectories in phase space, it appears that solutions begin on the boundary of the
z = 0 plane, before possibly being drawn towards either of the saddle scaling solutions
D± and finally arriving at the late time matter dominated solution E.
3.4.2 The (1,−12 )-EC model
Let us now consider a negative value for the parameter β, so that the vacuum expectation
value of the scalar field depends inversely on the matter density ρ. In particular we will look
at the (1,−12 )-EC, with the scalar mass linearly dependent on the energy density. For this
example, the right hand side of the dynamical system (3.19)-(3.21) diverges on the z = 1
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Point x y z Existence weff
O 0 0 0 ∀λ, γ 0
A± ±1 0 0 ∀λ, γ 1
B± 0 ±1 0 ∀λ, γ 0
C± 0 ±1 1 ∀λ, γ ∞
G+ 0 1
1
1+γ γ > 0 -1
G− 0 -1 11−γ γ < 0 -1
Table 4. Critical points of three dimensional (1,− 1
2
)-EC dynamical system, along with their existence
conditions and the value of the effective EoS at that point.
plane. To remedy this we will multiply the right hand side of the dynamical system by (1−z),
this simply amounts to a re-parametrisation of the time coordinate; see e.g. [23, 26].
The critical points of this model, along with their existence conditions and the value of
the effective EoS weff are displayed in Table 4. This model has nine critical points, with eight
existing at any one time. A linear stability analysis of this model is difficult to perform, since
the eigenvalues of the Jacobian matrix are infinite at the critical points, except for the origin
O which is found to be a saddle. To investigate the behaviour of the dynamical system we
will resort to simply looking at numerical plots of the trajectories.
The system has the following critical points:
• Point O. The origin of the system is a matter dominated solution, with the effect of
the interaction function being zero at this point. This point is always a saddle, and
thus leads to a potential matter dominated epoch.
• Points A±. As in the two dimensional model studied earlier, these two points are
unphysical stiff matter solutions with weff = 1, which are dominated by the kinetic
energy of the scalar field. They lie on the z = 0 plane and are unstable or saddle
points.
• Points B±. The points B± are scaling solutions in that they have effective EoS weff = 0,
yet they are not matter dominated, rather their energy is dominated by the potential
energy of the interacting function.
• Points C±. These points are dominated by the effective potential energy of the scalar
field and have an effective EoS singularity, with weff diverging.
• Points G±. These points are also dominated by the effective potential energy of the
scalar field. Only one of these two points can exist at any one time, depending on
whether γ is positive or negative. This point is an accelerating solution, with de Sitter
type expansion, weff = −1. It appears from numerical investigations that these points
are always stable and are the late time attractor solution.
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Figure 2. Phase space of the three dimensional (1,− 1
2
)-EC dynamical system. The parameter choices
λ = 1 and γ = 1 were made. The trajectories all evolve to the accelerating attractor solution at G+.
Figure 3. Plot of the effective EoS for the particular trajectory which passes through the origin in
Figure. 2, for the (1,− 1
2
)-EC when γ = 1 and λ = 1. The universe begins in a stiff matter state, before
undergoing an era of matter domination. The EoS then transitions to a de Sitter type acceleration,
with a brief crossing of the phantom barrier.
In Figure 2 the cylindrical phase system along with various trajectories is plotted for
the particular choice of parameters γ = 1 and λ = 1. All of the trajectories begin at the
stiff matter type unstable point A−. Some of them are then drawn towards the various
saddle points B−, O and C+. They then all arrive at the late time accelerating attractor
solution G+. In Figure 3 the effective EoS for one of these trajectories is plotted over time, in
particular the trajectory which passes close to the origin O. It is found that at the beginning
weff starts in a stiff state, before passing through an epoch of matter domination. The EoS
then settles down at a de Sitter type EoS after briefly crossing the phantom barrier. A part
from the early time stiff fluid dominated phase, this is exactly the cosmological behaviour
observed in our universe, with a matter to dark energy transition taking place at late times.
The (1,−12 )-EC model thus provides a viable alternative description for dark energy, even
without the need of a cosmological constant.
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3.5 Dynamics with cosmological constant
Many of the models studied so far in this section have either not possessed an accelerating
critical point, or these critical points have not been generically stable. In order to look for
more potentially viable cosmologies, in this subsection, we will consider the same extended
chameleon models as above, but this time we will introduce a cosmological constant into the
equations by taking the potential of the scalar field to be given by a simple positive constant,
with V (φ) = Λ. Note that a non-vanishing cosmological constant plus a quadratic effective
potential of the kind (2.17), naturally arise from considering values near the minimum φ0 of
some non linear effective potential, for example Veff = Λcosh
[
m (φ− φ0) /
√
Λ
]
.
Adding V (φ) = Λ into the Friedmann equations modifies the dynamical system. We
continue to work with the same variables σ, x and y as before, however this time it is more
appropriate to introduce a redefined z, which we take to be
z2 =
κ2Λ
3H2
. (3.26)
This modifies the Friedmann constraint as
1 = σ2 + x2 + y2 + z2 . (3.27)
From the definition of z and the fact that we are working with a positive cosmological
constant, we can restrict the analysis to consider only values z ≥ 0. Again working with the
variables x, y and z, with σ related to these variables algebraically via (3.27), means that
the phase space for the dynamical system is simply the upper half unit sphere.
The dynamical system written in terms of these variables is
x′ =
1
2
[
− 2xγ(w + 1)yz1−α−2βσα+2β
+ 3x
(
wσ2 + y2(α+ αw − 1)− 1)− 3xz2 + 3x3 − 2λyσαz1−α
]
(3.28)
y′ =
1
2
[
− 3y (α− wσ2 − x2 + z2 + αw − 1)
+ 2z1−α−2βσα
(
γ(w + 1)
(
y2 + 1
)
σ2β + λxz2β
)
+ 3y3(α+ αw − 1)
]
(3.29)
z′ =
1
2
[
3z
(
wσ2 + y2(α+ αw − 1) + x2 + 1)− 2γ(w + 1)yz2−α−2βσα+2β − 3z3] , (3.30)
where this time we have introduced the constants λ and γ as
λ =
√
3
√
AΛ
α
2
− 1
2
κ
, γ =
3
√
AβBΛ
α
2
+β− 1
2√
2
. (3.31)
In general the dynamical system will be singular on the z = 1 plane if either of the
conditions α > 1 or α + 2β > 1 hold, in which case we will need to define a new time
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Point x y z weff
B 0 0 1 -1
C1 x
√
1− x2 0 Undetermined
Table 5. Critical points of the (0, 1)-EC model with a cosmological constant, along with the values
of the effective EoS at each point.
coordinate and multiply the right hand side of the dynamical system by an appropriate
power of z to describe the dynamics on this plane. The effective EoS (3.10) is given in terms
of these variables as
weff = x
2 + y2(α+ αw − 1)− z2 + wσ2 − 2
3
γ(w + 1)yz1−α−2βσα+2β. (3.32)
Again, for general α and β, the system is practically impossible to analyse, however we can
make a couple of comments. If α+2β > 1 then generically the effective EoS diverges on the
z = 0 plane. We can also observe that the matter dominated point (0, 0, 0) is only a critical
point of the dynamical system when the condition α+2β < 1 holds. In what follows we will
restrict ourselves to particular physically interesting values of α and β for a full analysis of
the dynamical system.
3.5.1 α = 0 and β = 1
We will first analyse the dynamical system with the choice of parameters α = 0 and β = 1,
namely (0, 1)-EC. This model represents a new type of screening where the mass of the scalar
field remains constant, while the minimum of the effective potential, namely φ0, varies linearly
with the energy density. The physical implications of this model at both Solar System and
galactic scales were investigated in [16]. It was found that interesting effects in the galaxy
rotation curves can arise while satisfying all constraints on smaller scales.
The dynamical system from a mathematical point of view is particularly simple to
analyse. The critical points are displayed in Table 5. There is just one critical point B and
a critical curve C1 which is the boundary of the z = 0 plane. The critical point B located
at (0, 0, 1). This point represents an effective de Sitter type expansion, and is dominated by
the energy of the cosmological constant. As expected from such a de Sitter expansion, this
point has effective EoS weff = −1. Moreover this point is always the late time attractor: its
Jacobian matrix has three negative eigenvalues independently of the values of either λ or γ.
The boundary, i.e. the unit circle, of the z = 0 plane is wholly critical, meaning that
every point that lies on it is automatically a critical point. The past attractor of the phase
space is characterised by this unit circle, where the scalar field dominates. Note however that
the effective EoS (3.32) is not constant along the points of this boundary, but in fact it is
undetermined since both z and σ go to zero. Again this reflects the fact that for (0, 1)-ECs the
variables (3.13) and (3.26) might not constitute the best choice to analyse their cosmological
dynamics. Nevertheless if one assumes that σ2 ≫ z as trajectories past-approach the curve
C1, which can always be satisfied setting the appropriate initial conditions, then the effective
EoS (3.32) on the z = 0 unit circle can approximately be taken as
weff |σ=0 & z=0 ≈ x2 − y2 . (3.33)
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Point x y z weff
A± ±1 0 0 1
B 0 0 1 -1
C± 0 ±1 0 -1
D 0 − 2γ√
9+4γ2
0 0
Table 6. Critical points of the (0, 1
2
)-EC dynamical system with a cosmological constant, along with
the value of the effective EoS at each point.
This implies that in the four points (x∗, y∗) = (±1/
√
2,±1/√2) one effectively recovers
weff ≈ 0, and thus a matter-like evolution of the universe. Hence the trajectories connecting
points (x∗, y∗) with the late time attractor Point B describe matter to dark energy transitions,
and can actually be used as faithful representations of the universe expansion in agreement
with the observations. Note however that a high fine tuning of initial conditions is required
in order for this scenario to be physically viable, though in this case the final state of the
universe is always an accelerated de Sitter solution.
3.5.2 α = 0 and β = 1/2
Now we analyse a very similar model with a constant scalar field mass, so again α = 0. But
this time we will take β = 1/2, so that the minimum of the scalar field no longer varies in a
linear way with the energy density.
The critical points of the model are displayed in Table 6. This time the entire boundary
of the z = 0 plane is not entirely critical, with only the four points A± and C± lying on this
boundary being critical. The system has six critical points:
• Points A±. These points are the standard stiff matter type points dominated by the
kinetic energy of the scalar field. The eigenvalues of the system at these points are
divergent, however by restricting the dynamics to the z = 0 plane, and by numerically
examining some trajectories in phase space, these points are observed to always be
unstable, being either saddle points or the early time attractor.
• Point B. This point is dominated by the cosmological constant, and represents a de
Sitter type expansion with effective EoS weff = −1. The point is the late time attractor,
with all trajectories ending up at it.
• Points C±. These points lie on the boundary of the z = 0 unit circle, and are dominated
by the effective potential energy of the scalar field. They are accelerating solutions with
an effective EoS weff = −1. The eigenvalues of the Jacobian matrix are divergent at
these points, but restricting the dynamics to the z = 0 plane it is seen that these
points are always saddle points, with the Jacobian matrix possessing both positive and
negative eigenvalues.
• Point D. Point D is a scaling solution, with its effective EoS mirroring that of matter,
with weff = 0. It exists for all values of the parameter γ. The Jacobian matrix always
has a positive and a negative eigenvalue, and thus the point is always a saddle point.
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Point x y z weff
O 0 0 0 0
A± ±1 0 0 1
B 0 0 1 -1
C± 0 ±1 0 -1/2
Table 7. Critical points of the (1
2
, 0)-EC with a cosmological constant along with the value of the
effective EoS at each point.
The system generically evolves from the stiff matter points A± to the cosmological
constant point B, possibly going through the scaling solution D and thus depending on
initial conditions, a late time matter to dark energy transition is a viable possibility for this
choice of α and β. The (0, 12 )-EC model, together with a cosmological constant, can thus be
used to describe the observed matter to dark energy transition happening in our universe, at
least at the background cosmological level.
3.5.3 α = 1/2 and β = 0
Let us now make the parameter choice α = 1/2 and β = 0. This means that the local
minimum of the potential is a constant, however the mass of the scalar field varies proportional
to the square root of the energy density. This model is of interest as it has a matter dominated
critical point and is simple to analyse mathematically due to it being non-singular everywhere.
The critical points are displayed in Table 7 along with the effective EoS at each of the
points. There are six critical points in general. The points A± and B behave exactly as in
the previous cases: A± are either saddle points or the early time attractor, with stiff matter
EoS, whereas B is the late time cosmological constant dominated attractor solution. The
additional critical points present in this model are:
• Point O. This point, the origin of the phase space, is entirely matter dominated with
σ = 1 and effective EoS weff = 0. The Jacobian matrix at this point always possesses
positive and negative eigenvalues, and so is a saddle node for all choices of λ and γ.
• Points C±. These points are dominated by the effective potential energy of the scalar
field. The effective EoS is always accelerating, with weff = −1/2. The eigenvalues of
the Jacobian matrix are infinite at these points, but restricting the dynamics to the
z = 0 plane, it is seen that they are always saddle points.
In Figure 4 some example trajectories in phase space have been shown for the particular
parameter choice λ = 1 and γ = 1. Trajectories start at either of the stiff matter states A±.
They then are drawn towards one or more of the saddle points C± and the matter dominated
O. Eventually all trajectories arrive at the de Sitter expanding late time attractor solution.
Thus also this model can exhibit, depending on the initial conditions, a late time dark matter
to dark energy transition.
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Figure 4. Phase space of the dynamical system for the (1
2
, 0)-EC with a cosmological constant. The
parameter choice γ = 1 and λ = 1 has been made.
Point x y z weff
O 0 0 0 0
A± ±1 0 0 1
C± 0 ±1 0 0
D 0 2γ√
9+4γ2
3√
9+4γ2
-1
Table 8. Critical points of the (1,− 1
2
)-EC each dynamical system with a cosmological constant,
along with the value of the effective EoS at each point.
3.5.4 α = 1 and β = −1/2
Finally in this section we will consider one more choice for the parameters α and β. This time
we take α = 1, so that the mass of the scalar field depends linearly on the energy density,
and we consider a negative value of β = −1/2, so that the minimum of the potential depends
inversely on the square root of the energy density. In Section 3.4, it was found that even
without a cosmological constant late time accelerating attractor solutions were possible, here
we extend that analysis to include a cosmological constant.
The critical points are displayed in Table 8, along with the effective EoS at each of the
points. There are always six critical points: the points O, A± and C± behave exactly the
same as in the previous (12 , 0)-EC model, with the exception that the points C± now have
effective EoS weff = 0, and so mirror the effective EoS of the matter dominated solution.
The additional new point unique to this model is Point D:
• Point D. This point has an energy contributions from both the interacting potential f
and from the cosmological constant. This point exists for all γ, and in the limit γ → 0
it becomes the standard de Sitter type critical point (0, 0, 1). It too has a de Sitter
type effective EoS weff = −1. The eigenvalues of the Jacobian matrix evaluated at this
point are given by −3,−3 and −3/2 and so the point is always stable, and is the late
time attractor of the system.
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Figure 5. Phase space of the dynamical system for the (1,− 1
2
)-EC with a cosmological constant.
The parameter choice γ = 1 and λ = 1 has been made.
Figure 6. Example evolution of weff for the (1,− 12 )-EC with a cosmological constant, when λ = 1,
γ = 1.
Also of interest to note is that the cosmological constant dominated point (0, 0, 1) is
no longer a critical point for this choice of α and β. The dynamics of the system are very
similar to the previous studied case, except now instead of the late time attractor being the
cosmological constant solution, it has been replace by the Point D, which mirrors the EoS
of the de Sitter type solution. In Figure 5 the phase space of the system is plotted along
with some example trajectories. The system starts at either of the stiff matter points A±,
before being drawn towards one of the saddle points C± or the matter dominated O. All
trajectories then arrive at the attractor D.
The effective EoS of one of the trajectories has been plotted in Figure 6; in particular
the trajectory which passes through the matter dominated point O. The effective EoS begins
at the unphysical stiff state with weff = 1, before undergoing a period of matter domination,
before a dark matter to dark energy transition occurs, ending at a weff = −1. Thus with
sufficiently well chosen initial conditions this model can replicate observations. We should
also observe that there appears to be no small excursion into the phantom region, as was the
case for this model without a cosmological constant (cf. Fig. 3).
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4 Perturbations and structure formation
In this section we present the cosmological equations of extended chameleons for scalar per-
turbations at linear order, and discuss their possible effects on structure formation when the
quasi-static approximation can be assumed.
4.1 Perturbation equations
We choose to work with a standard Newtonian gauge for which the line element can be
written as
ds2 = −(1 + 2Φ)dt2 + (1 − 2Ψ) a(t)
2[
1 + 14K (x
2 + y2 + z2)
]2 (dx2 + dy2 + dz2) , (4.1)
where x, y, z are Cartesian coordinates and K = 0,−1, 1 determines the spatial curvature of
the universe. The scalar perturbations Φ and Ψ are actually equal, due to the absence of
anisotropies in the model under investigation. In fact the perturbed ij-components of the
Einstein field equation yield
∂i∂j
[[
1 +
1
4
K
(
x2 + y2 + z2
)]
(Ψ− Φ)
]
= 0 . (4.2)
which implies
Φ = Ψ . (4.3)
For this reason in the equations that follow we simply replace Φ in favour of Ψ whenever
it appears. Before displaying the equations we must first define the perturbed physical
quantities: in particular the scalar field, the matter energy density, the matter pressure and
the matter four-velocity are perturbed according to
φ+ δφ , ρ+ δρ , p+ δp , uµ + δuµ , (4.4)
where the last term is defined in terms of the fluid’s perturbed scalar velocity v by
δuµ = (−Ψ, ∂iv) . (4.5)
At this point we can present the perturbed equations.
The full linear order cosmological equations for Scalar-Fluid theories have been first
derived in [19, 27]. In the special case of standard chameleons, where the coupling function
f depends only on n through ρ and the scalar field couples only to non-relativistic matter
for which ρ ∝ n and p = wρ = 0, these equations reduce to
− 3HΨ˙ +
[
6
K
a2
− k
2
a2
− κ2 (ρ+ V + f)
]
Ψ
− κ
2
2
(
1 +
∂f
∂ρ
)
δρ− κ
2
2
(
∂f
∂φ
+ V ′
)
δφ− κ
2
2
φ˙ ˙δφ = 0 , (4.6)
Ψ˙ +HΨ+
κ2
2
ρ
(
1 +
∂f
∂ρ
)
v − κ
2
2
φ˙δφ = 0 , (4.7)
– 22 –
− κ
2
2
δp − κ
2
2
ρ
∂2f
∂ρ2
δρ+
κ2
2
(
∂f
∂φ
− ρ ∂
2f
∂ρ∂φ
+ V ′
)
δφ
− κ
2
2
φ˙ ˙δφ+
(
2H˙ + 3H2 +
κ2
2
φ˙2 − K
a2
)
Ψ+ 4HΨ˙ + Ψ¨ = 0 , (4.8)
δ¨φ+ 3H ˙δφ +
(
k2
a2
+
∂2f
∂φ2
+ V ′′
)
δφ+
∂2f
∂ρ∂φ
δρ− 2
(
φ¨+ 3Hφ˙
)
Ψ− 4φ˙Ψ˙ = 0 , (4.9)
δ˙ρ+ 3H (δρ+ δp)− ρ
(
k2
a2
v + 3Ψ˙
)
= 0 , (4.10)
(
1 +
∂f
∂ρ
)
v˙ +
(
φ˙
∂2f
∂ρ∂φ
− 3Hρ∂
2f
∂ρ2
)
v +
∂2f
∂ρ2
δρ +
∂2f
∂ρ∂φ
δφ +
1
ρ
δp +
(
1 +
∂f
∂ρ
)
Ψ = 0 ,
(4.11)
where we passed to Fourier space substituting the spatial Laplacian with the wave number
of the fluctuation: ∇2 7→ −k2. Of course in Eqs. (4.6)–(4.11) one should consider that the
coupling function f(ρ, φ) of extended chameleons is given by (2.17), namely
f(ρ, φ) =
1
2
m2(ρ) [φ− φ0(ρ)]2 , (4.12)
with the functions m2(ρ) and φ0(ρ) defined as
m2(ρ) = Aρα and φ0(ρ) = B ρ
β . (4.13)
4.2 Growth of structures in the quasi-static approximation
Equations (4.6)–(4.11) can be used to study the implications of extended chameleons in
several cosmological contexts. We are particularly interested in the structure formation
process, where the quasi-static limit can be applied and the evolution of (non-relativistic)
matter overdensities δ, in the comoving matter gauge, is uniquely determined by the following
equations (see [19] for details)
δ¨ +
[(
2 + 3c2s
)
H + 2Y φ˙
]
δ˙ + c2s
(
k
a
)2
δ =
(
C0 + C1Hφ˙+ C2φ˙
2
)
δ , (4.14)
where
C0 =
κ2
2
(
ρ+ 4c2sφ˙
2
)
− 9c2sH2 +
2
3
K
a2
+
[
X2 − (1 + c2s)XY + Y 2] ρ− (X − Y )V ′ , (4.15)
C1 =
(
5 + 6c2s
)
X − (5 + 3c2s)Y − 3R , (4.16)
C2 = U
2 −X2 −XY − 4Y 2 , (4.17)
and where we have defined the quantities
X ≡ ρ
ρ+ f
∂2f
∂ρ∂φ
, Y ≡ 1
ρ+ f
∂f
∂φ
, U ≡
(
∂3f
∂φ2∂ρ
)1/2
, R ≡ ρ ∂
3f
∂ρ2∂φ
, (4.18)
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together with the sound speed square of the fluid in the rest frame of the field
c2s ≡ ρ
∂2f
∂ρ2
(
1 +
∂f
∂ρ
)−1
. (4.19)
All the expressions (4.18)–(4.19) are solely defined in terms of background quantities,
and can thus be rewritten in terms of the dimensionless variables (3.13) and (3.26) used in
Sec. 3.5 for the dynamical systems analysis with a cosmological constant. In what follows
we will only focus on EC models where a non-vanishing cosmological constant appears. As
we found in Sec. 3, these are in fact the scenarios where the observed matter to dark energy
transition might be reproduced in almost all situations. More quantitatively for the quantities
(4.18) we find
X =
1
y2 + σ2
[
α
√
2Ayσα
(
z√
Λ
)1−α
− βABσ2(α+β)
(
z√
Λ
)2(1−α−β)]
, (4.20)
Y =
√
2A
yσα
y2 + σ2
(
z√
Λ
)1−α
, (4.21)
U =
√
αA
σα√
y2 + σ2
(
z√
Λ
)1−α
, (4.22)
R =
1
y2 + σ2
[
α(α− 1)
√
2Ayσα
(
z√
Λ
)1−α
− (2α+ β − 1)βABσ2(α+β)
(
z√
Λ
)2(1−α−β)]
,
(4.23)
while for the sound speed (4.19) we have
c2s =
[
α(α − 1)y2 − 2αβ
√
2ABσα+2β
(
z√
Λ
)1−α−2β
+ β2AB2σ2(α+2β)
(
z√
Λ
)2(1−α−2β)
− β(β − 1)
√
2AByσα+2β
(
z√
Λ
)1−α−2β ]
/
[
σ2 + αy2 − β
√
2AByσα+2β
(
z√
Λ
)1−α−2β ]
.
(4.24)
We can now check how Eq. (4.14) reduces in the effectively matter dominated critical
points obtained in Sec. 3.5 for different extended chameleon models, particularly the ones
where a matter to dark energy transition is indeed possible. These matter-like evolving
points should in fact describes the epoch of the universe during which structures form. Any
deviation in Eq. (4.14) from ΛCDM, for which the quantities (4.20)–(4.24) are all zero, could
thus in principle provide physical effects that might lead to observable signatures to look
for in different cosmological datasets. In what follows we assume a spatially flat universe in
agreement with the observations, and thus we set K = 0.
4.2.1 α = 0 and β = 1
We first analyse the extended chameleon model with α = 0 and β = 1, namely (0, 1)-EC. The
physical implications of this model at Solar System and galactic scales have been investigated
in [16], where it was shown that interesting effects in the galaxy rotation curves can arise
while satisfying all smaller scales constraints. Moreover this model represents a new kind of
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screening where the mass of the scalar field remains constant, while the only function that
varies when the energy density of matter changes is the minimum of the effective potential,
namely φ0.
According to the background analysis performed in Sec. 3.5, the phase space of (0, 1)-
ECs does not explicitly present any matter dominated critical points. However, as noted
above, the points (x, y, z) = (±1/√2,±1/√2, 0) effectively constitute matter dominated so-
lutions since, assuming σ2 ≫ z, they yield weff ≈ 0. In order to understand if such points
can indeed characterize the observed matter dominated era of our universe, at least at sub-
horizon scales, we must check if deviations are present in Eq. (4.14). Setting α = 0 and β = 1
in the quantities (4.20)–(4.24) we find
X = − ABσ
2
σ2 + y2
, Y =
√
2
√
Ayz√
Λ (σ2 + y2)
U = 0 , R = 0 , c2s =
AB2Λσ2
z
(
z −√2√AB√Λy
) .
(4.25)
Recalling the assumption σ2 ≫ z, in the points (x, y, z) = (±1/√2,±1/√2, 0) these expres-
sions all vanish. This implies that for (0, 1)-ECs there are no signs of deviations from ΛCDM
in the growth of structure. The matter to dark energy transition from any of the points
(±1/√2,±1/√2, 0) to the cosmological constant dominated late time attractor (0, 0, 1), rep-
resents thus a faithful description of the observed universe and it is indistinguishable from
the ΛCDM dynamics, at least within the approximations that we have assumed. Note that
this result is obtained regardless of the fact that in points (±1/√2,±1/√2, 0) the universe
is actually dominated by the scalar field and not by the (dark) matter component.
4.2.2 α = 0 and β = 1/2
The second model we consider is defined by α = 0 and β = 1/2, and it is denoted by (0, 12)-
EC. This model is similar to (0, 1)-EC since one still obtains a constant scalar field mass
with an environment dependent minimum, effectively belonging to a new class of screening
mechanisms. Unfortunately it is not as simple as (0, 1)-EC to find analytical solutions in a
galactic framework characterized by an NFW profile, and thus the implications on galaxy
rotations curves for (0, 12 )-EC have not been investigated in [16].
For α = 0 and β = 1/2 we found in Sec. 3.5 that there is a saddle critical point at
(x, y, z) = (0,−2γ/
√
9 + 4γ2, 0); namely Point D in Table 6. This point represents a matter
scaling solution since the energy density of the scalar field does not vanish, though its kinetic
energy is zero, and the effective EoS of the universe mimics a matter expansion: weff = 0.
Moreover in this model a dark matter to dark energy transition is always possible since the
late-time attractor of the phase space is always a de Sitter solution, effectively reproducing
a cosmological constant driven accelerated expansion.
We want again to analyse deviations from ΛCDM in Eq. (4.14), assuming the universe
is well described by point D during its matter dominated epoch. Using the values α = 0 and
β = 1/2 the quantities (4.20)–(4.23) become
X = − AB
2
√
Λ
zσ
y2 + σ2
, Y =
√
2A
Λ
yz
y2 + σ2
, U = 0 , R =
AB
4
√
Λ
zσ
y2 + σ2
, (4.26)
while the sound speed (4.24) reduces to
c2s =
1
4
AB2σ +
√
2ABy
σ −
√
ABy√
2
. (4.27)
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In the scaling solution D = (0,−2γ/
√
9 + 4γ2, 0) all expressions in (4.26) vanish, while the
sound speed becomes
c2s =
√
2AB
4
(
3
√
2AB − 2γ
3 +
√
2ABγ
)
= 0 , (4.28)
where in the last equality we substituted γ in terms of B, as given by Eq. (3.31). We thus
find that in this case there are no deviations from ΛCDM in Eq. (4.14), implying that no
observational signatures will be present at sub-horizon scales in the (0, 12)-EC model.
4.2.3 α = 1/2 and β = 0
The third model we deal with is (12 , 0)-EC. As shown in [16], the fifth force between two
microscopic test masses and all the effects within the Solar System, are identically zero
for this model. This implies that no constraints can be forced upon it from small scales
experiments. Nevertheless the dynamics at large scale might present deviations from ΛCDM
and possible observational effects.
In Sec. 3.5 we have found that the standard matter dominated point (0, 0, 0) is a saddle
critical point for (12 , 0)-EC. Together with the fact that the late time attractor can be given
by a dark energy dominated critical point (either Point B or Points C± in Tab. 7), also
in this model the background cosmological dynamics can match the one reconstructed by
observations. Again we want to see if this is also the case at the perturbation level by
checking Eq. (4.14). Setting α = 1/2 and β = 0 in Eqs. (4.20)–(4.24) we obtain
X = Y =
√
A
2
√
Λ
(
y
√
zσ
σ2 + y2
)
, U =
√
A
2
√
Λ
( √
zσ
σ2 + y2
)
,
R = −1
2
√
A
2
√
Λ
(
y
√
zσ
σ2 + y2
)
, c2s = −
1
2
(
y2
2σ2 + y2
)
. (4.29)
At the matter dominated point (0, 0, 0) all these quantities vanish and thus no deviations
from ΛCDM are present in (12 , 0)-EC, neither at the background nor at the perturbations
level, at least at sub-horizon scales. Extended chameleons models for which β = 0 are in
fact able to effectively hide the presence of the scalar field at all scales. As already noticed
in [16], this is related to the fact that any screening mechanism for which the minimum of
the effective potential does not depend on the matter energy density, cannot give rise to a
physically meaningful fifth force.
4.2.4 α = 1 and β = −1/2
The last example we consider is (1,−12 )-EC, where we allow for a negative value of beta,
describing a minimum φ0 inversely proportional to (the square root of) the matter energy
density ρ. In Sec. 3.5 we found that this model not only present a standard matter dominated
critical point at (0, 0, 0), but its phase space contains also two scalar field solutions at the
points (0,±1, 0) which mimic a matter dominated expansion. A matter to dark energy
transition in agreement with observations can be obtained from a trajectory connecting any
of these points to the dark energy dominated late time attractor. For this reason we now
look at how Eq. (4.14) behaves in all these three matter critical points.
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First of all we need to see how the quantities (4.20)–(4.24) reduce for (1,−12 )-EC. Setting
α = 1 and β = −1/2 we obtain
X =
AB
2
√
Λ
σz +
√
2Aσy
σ2 + y2
, Y =
√
2A
(
σy
σ2 + y2
)
, U =
√
Aσ√
σ2 + y2
, R =
ABσz
4
√
Λ (σ2 + y2)
,
(4.30)
while the sound speed becomes
c2s =
√
ABz
[√
ABz +
√
2Λ(4− 3y)
]
2
√
2AΛByz + 4Λ (σ2 + y2)
. (4.31)
In the scalar field solutions (0,±1, 0) one can easily check that all these expressions are
zero. This implies that for these solutions the small scale dynamics of structure formation is
equivalent to the ΛCDM one, irrespectively of the fact that the cosmic evolution is completely
driven by the scalar field. On the other hand, in the matter dominated point (0, 0, 0) all these
expressions vanish, but U which simply becomes a constant: U =
√
A. In this situation
Eq. (4.14) becomes
δ¨ + 2Hδ˙ =
(
κ2
2
ρ+Aφ˙2
)
δ , (4.32)
which, dividing by H2, can be rewritten as
δ¨ + 2Hδ˙ = 3H2
(
1
2
σ2 +
2A
κ2
x2
)
δ . (4.33)
From this last equation one can realize that no effects of the scalar field will appear at sub-
horizon scales if the background evolution is assumed to be described by point (0, 0, 0) where
x = 0. If this approximation is relaxed, i.e. if one considers a more realistic trajectory in
the phase space passing near the origin where x is small but not zero, then the last term
in Eq. (4.33) could actually provide some interesting deviations from the standard ΛCDM
result, possibly leading to interesting observational signatures. This would however require
a full numerical investigation at both background and perturbation levels, which lies outside
the scope of the present analysis and will be thus left for future works.
5 Conclusions
In this work we have analysed the cosmological dynamics of extended chameleons (ECs), at
both background and linear perturbation levels. This class of scalar field theories has been
found to be particularly useful not only to define new and generalise old screening mechanisms
at Solar System scales, but its phenomenological implications at galactic distances can also
provide interesting observational signatures to compare against astronomical data [16].
To investigate the cosmological background evolution we have employed dynamical sys-
tems techniques, which allowed us to obtain the whole phase space of specific EC models
and thus to characterize their dynamical properties completely. We have first considered EC
models with a vanishing cosmological constant in order to understand if the scalar field is
able to drive the late time acceleration of the universe by itself (Sec. 3.4). Unfortunately this
is not the case in general, and only for some specific models one can find an early time matter
dominated solution followed by a late time dark energy dominated attractor. For this reason
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we have also studied the cosmological dynamics of EC models when a positive cosmological
constant is present (Sec. 3.5). In this scenario, the phase space of any EC model contains
a late time attractor where the universe is dominated by the cosmological constant and it
undergoes a de Sitter accelerated expansion. Moreover for almost all of the EC models there
also exists an effectively matter dominated saddle point, which can well represent the early
time epoch of the universe where large scale structures form. Depending on the specific EC
model, these matter points can be either characterized by the (dark) matter component or
by the scalar field, with some of them even representing scaling solutions, where the energy
densities of both matter and dark energy are of the same order of magnitude and scale equally
with time. Any trajectory connecting any of these matter points to the accelerated future
attractor, well represents the observed late time evolution of the universe, at least at the
background level (cf. e.g. Fig. 6).
In order to check the consistency of these solutions beyond the background framework,
we have then analysed the dynamics of linear cosmological perturbations at sub-horizon
scales, adopting in particular the quasi-static approximation (Sec. 4). As a working assump-
tion we have supposed that the matter dominated epoch of the universe is well described at
the background level by any of the effectively matter dominated critical points derived in the
previous section, ignoring in this way the transition to dark energy happening at late times.
Within these approximations we have found that no EC models, among the ones considered
here, imply any physical deviation from the standard result obtained within ΛCDM, and thus
the sub-horizon formation of structures can take place in agreement with the observations.
Nevertheless it might well be that other applications of the linear cosmological perturbations
equations of ECs presented in this work, provide possible observational signatures that will
allows us to distinguish the dynamics of these scalar field models from the one of ΛCDM, and
eventually to constrain them with present and future probes. For example, a full numerical
analysis of EC models at the perturbation level, taking into account also the evolution from
matter to dark energy domination, can actually give small inconsistencies with respect to
ΛCDM, especially at late times. Furthermore an investigation of the perturbations at the
non-linear level, for example assuming spherical over-densities, could highlight some effects
that are not present at the linear level and fully exploits the properties of the EC models
at the cluster scales, in analogy with the studies performed e.g. for K-mouflage [28–31] and
symmetron [32–34] theories. Such analyses reside however beyond the scopes of the present
paper and are thus left as material for future works.
To conclude we have shown that EC models can well represent alternative descriptions
of the observed evolution of the universe at late times. In fact, concerning the applications
analysed in this work, the cosmological dynamics of these scalar field models is indistin-
guishable from the one of ΛCDM, at both background and perturbation levels. This result
implies that EC theories can consistently be employed as models of dark energy in agreement
with the observations at both large, i.e. cosmological, and small, i.e. Solar System, distances.
As shown in [16] they can however provide some astrophysical implications at intermediate,
i.e. galactic, scales, where interesting signatures can arise in the galaxy rotation curves, and
thus be compared with observational data. It will be the work of future investigations to
derive physical constraints on EC models and to further characterizes their phenomenology
at all scales.
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